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We study the effect of the acceleration of the observer on a parameter estimation protocol using NOON states.
An inertial observer, Alice, prepares a NOON state in Unruh modes of the quantum field, and sends it to an
accelerated observer, Rob. We calculate the quantum Fisher information of the state received by Rob. We find
the counterintuitive result that the single-rail encoding outperforms the dual rail. The NOON states have an
optimal N for the maximum information extractable by Rob, given his acceleration. This optimal N decreases
with increasing acceleration.
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I. INTRODUCTION
Metrology is the study of precision measurements and ex-
actly how precise the measurement of a physical quantity can
be. Any physical measurement of a continuous parameter can
be thought of in three stages: First, we prepare an initial quan-
tum state; second, the quantum state evolves to a new state
that depends on the parameter of interest; and third, a suitable
measurement of the system will reveal information about the
parameter. Repeating the three steps of the measurement pro-
cess N times independently, reduces the uncertainty in the pa-
rameter θ by a factor δθ = 1/
√
N. This is the shot-noise limit,
or the standard quantum limit (SQL). It can be surpassed by
exploiting quantum effects [1–4], leading to an ultimate quan-
tum scaling of δθ = 1/N. This is the optimal precision for
parameter estimation in quantum mechanics, and it is known
as the Heisenberg limit [3, 5–7]. Suggestions have been made
to use these quantum improvements for a superior signal-to-
noise ratio when reading from classical optical storage [8],
and for the measurement of position and orientation via in-
terferometers and interferometric gyroscopes [9, 10], among
other things.
We study the situation where an inertial observer, Alice,
prepares optical systems in highly nonclassical states and sub-
jects them to a dynamical evolution that imparts a relative
phase θ . If the optical system consists of two modes (i.e.,
dual-rail encoding), the NOON state is chosen:
|Ψ〉 = |N,∅〉+ e
iNθ |∅,N〉√
2
, (1)
where |∅〉 is the vacuum state and |N〉 is the Fock state of N
photons in a particular mode. Alternatively, Alice may pre-
pare a single-mode optical system in a state similar to the
NOON state:
|ψ〉 = |∅〉+ e
iNθ |N〉√
2
. (2)
We refer to this state as the single-rail NOON state. In an
ideal situation these NOON states are optimal for measuring
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the phase θ in an interferometer [11]. The minimum uncer-
tainty achievable by a suitable quantum measurement on these
NOON states is proportional to the Heisenberg limit 1/N. Al-
ice sends the optical system to a uniformly accelerating ob-
server, Rob, who measures the phase θ . He will experience
Unruh radiation as a consequence of his acceleration [12–14],
and this will deteriorate the quantum states he receives from
Alice. We calculate the quantum Fisher information about θ
as seen by Rob, which (via the Cramér-Rao bound [15]) is an
indication of the smallest phase change δθ that he can detect.
Noise and errors are an inescapable part of any experiment,
and quantum metrology must take into account various dif-
ferent types of noise and compensate if possible. In an inter-
ferometer, losses and imperfect measurements can reduce the
precision of measurements made. In many cases the losses
mean that quantum effects can result only in a constant fac-
tor improvement over the classical bounds [16, 17]. There
are modifications that can be made to the input state to min-
imise the damage from these losses [18]. Other types of noise
can sometimes still allow an asymptotic improvement over the
classical bounds [19]. Decoherence noise becomes a problem
when measuring phases using an interferometer, but there are
methods to overcome this [20, 21]. While in the presence of
decoherence the Heisenberg limit may not be achievable, im-
provement over the shot noise limit is still possible [22]. We
show that in the case of communicating NOON states with
an accelerated observer, there exist an optimal N for detecting
phase changes, beyond which the precision deteriorates.
II. QUANTUMMETROLOGY
Every quantum measurement of a continuous parameter θ
that is not itself associated with a Hermitian operator must
take place via the measurement of some observable A. The
relationship between A and θ must be known, in order to ex-
tract the value of θ from the experiment. If translations in θ
are generated by a Hermitian operator K, the Robertson rela-
tion for the variances in A and K gives us
∆A∆K ≥ 1
2
|〈[A,H]〉| . (3)
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2Using the generalised Heisenberg equation
dA
dθ
=
1
ih¯
[A,K] , (4)
we can write the uncertainty relation as δθ∆K ≥ 12 h¯, with
δθ ≡ ∆A
∣∣∣∣d 〈A〉dθ
∣∣∣∣−1 , (5)
where 〈A〉 is the expectation value of A. The uncertainty δθ
is lower bounded by the Cramér-Rao bound [15, 23]
(δθ)2 ≥ 1
NF (θ)
, (6)
whereF (θ) is the Fisher information and N is the number of
independent measurements. This bounds the achievable pre-
cision on θ for any physical measurement and can be satu-
rated by a well-chosen measurement procedure. The Fisher
information can be thought of as the maximum amount of in-
formation we can learn about the parameter in any single mea-
surement. IfF is constant, the Cramér-Rao bound reduces to
the SQL. On the other hand, if the resources of all N measure-
ments are put together in an entangled state that is subjected to
a single measurement, the Fisher information can be as large
asF = N2. This is the case for NOON states.
The Fisher information depends on the state of the system
and the observable that is measured. The Cramér-Rao bound
gives the maximum precision in θ for a particular measure-
ment scheme. On the other hand, we can choose various ob-
servables that may lead to different Fisher information. So
instead we ask what is the information that is intrinsic in the
quantum state, without any reference to the actual measure-
ment procedure. This is called the quantum Fisher informa-
tion, and it is at least as large as the Fisher information for
the optimal observable A. The Cramér-Rao bound is also sat-
urated for the quantum Fisher information [23].
The quantum Fisher information is calculated from the den-
sity matrix of the state,
F (θ) = tr
[
ρ ′Lρ(ρ ′)
]
with ρ ′ =
dρ
dθ
, (7)
andLρ is the symmetric logarithmic derivative given by
Lρ(B) =∑
jk
2B jk
p j + pk
| j〉〈k| , (8)
where the p j are the eigenvalues of ρ , {| j〉} is the eigenbasis
of ρ , and B is an arbitrary self-adjoint operator in the same
space as ρ . Calculating the quantum Fisher information for
states passing through a quantum channel will allow us to de-
termine the fundamental limit to the precision in θ , and it will
tell us about the information preserving capabilities of the var-
ious channels.
III. RELATIVISTIC NOISE
The observer Rob is accelerating with uniform proper ac-
celeration a. The task is for Rob to measure the field and
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FIG. 1. A Minkowski space-time diagram separated into the left and
right wedges and showing the Rindler coordinates. Rob travels along
a trajectory with fixed spatial Rindler coordinate ξ = 1a . Alice has
the freedom to create excitations in one or both of the wedges. In this
paper, Alice only creates excitations in the right wedge, correspond-
ing to the SWM.
obtain an estimate for the parameter θ . Rob’s detector will
be subject to the relativistic noise present in the form of the
Unruh-Hawking effect [12–14]. Rob cannot describe the en-
tire field as seen by Alice because he is in the presence of a
horizon. We require an additional observer, anti-Rob, to live
behind the horizon. Rob and anti-Rob both describe their re-
gions of the field by Rindler modes. Rob’s region is denoted
with a subscript R, and anti-Rob’s with a subscript L, corre-
sponding to the right and left wedges of a Minkowski space-
time diagram (see Fig. 1). Alice creates the single and dual-
rail NOON states, in particular Unruh modes. These modes
are used because they have a one-to-one correspondence with
Rindler modes, which in turn map to Rob’s observed optical
modes.
The Rindler modes are a family of complete sets of mode
functions; each value for Rob’s acceleration constructs a dif-
ferent set of Rindler modes. This means we must choose the
Unruh modes for Alice, depending on the value of Rob’s ac-
celeration. The Unruh modes are not physically realisable due
to highly oscillatory behaviour close to the horizon from an
inertial perspective. They also are fully delocalised, which
makes them only partially measurable using local measure-
ments. We use the Unruh modes because they form a complete
orthonormal set and they have been conjectured to provide the
limiting case for informational quantities.
As an idealisation, Alice is assumed to have access to any
part of Minkowski space, and she can therefore create any
superposition of modes in any part of her space-time. The
Unruh modes map to single frequency Rindler modes with
support in both Rob’s and anti-Rob’s regions of space-time.
This is described by the transformation of creation operators,
aˆ†P = qLAˆ
†
L + qRAˆ
†
R, where qL and qR are complex numbers
3such that |qL|2 + |qR|2 = 1 [24]. In this paper we use the so-
called single wedge mapping (SWM), in which qR = 1 and
qL = 0 [25].
The transformation between Unruh modes and Rindler
modes is well known [14]. It takes the form of two mode
squeezing between the equivalent modes in Rob and anti-
Rob’s regions
Û = exp
[
iraˆRaˆL− iraˆ†Raˆ†L
]
. (9)
The squeezing parameter r [26] is related to the acceleration
of Rob and the frequency of the Rindler mode by
tanhr = exp
(−ωpi
a
)
, (10)
where ω is the frequency of the mode and a is Rob’s acceler-
ation. Once the modes in the region behind the horizon (cor-
responding to anti-Rob) are traced out, we find that Rob is
left with a mixed state that includes thermal noise. We want
to know the amount of information Rob can extract from the
NOON states when this noise is present.
Using the dual- and single-rail NOON states given in
Eqs. (1) and (2), the parameter θ is encoded in the relative
phase. We calculate the quantum Fisher information of the
NOON states in Rob’s accelerated frame. To this end, we use
the transformation operator defined in Eq. (9). When applied
to a single mode with N excitations, the joint state held by
Rob and anti-Rob is
|ψ〉RR¯ =
∞
∑
p=0
(ir)p
|r|p
tanhp |r|
coshN+1 |r|
(
p+N
p
) 1
2
|N+ p〉R⊗|p〉R¯. (11)
To transform the dual- and single-rail NOON states, we con-
struct Alice’s density matrix from the states with zero and N
excitations, then transform each term according to Eq. (11).
Finally, we trace out anti-Rob leaving Rob with a mixed state
represented by an infinite matrix in the number basis.
We have not found an analytic expression for the quantum
Fisher information, and to calculate the quantum Fisher infor-
mation numerically we need a finite matrix. The coefficients
of the matrix decay as the number of excitations increases,
and we can therefore use a truncation of the matrix to get the
result within a specified precision. We numerically evaluated
the matrices, for a size k, and calculated the quantum Fisher
information. To check that the truncation was sufficient, we
calculated the quantum Fisher information for matrices of size
k+1. We continued to increase k until the quantum Fisher in-
formation changed less than the prescribed absolute precision
of 10−5.
Using this truncated matrix ρ , we calculated the quantum
Fisher information using the algorithm as follows: (i) find
eigenvalues and eigenvectors of ρ; (ii) differentiate ρ with
respect to θ to find ρ ′; (iii) use the eigenvectors of ρ to trans-
form both ρ and ρ ′ into the basis where ρ is diagonal; (iv)
perform the lowering operator according to Eq. (8); and (v)
calculate the quantum Fisher information using the trace of
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FIG. 2. The quantum Fisher informationF (θ) over N for Rob mea-
suring the parameter θ when Alice has sent him the state using the
single rail for various values of r.
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FIG. 3. The quantum Fisher informationF (θ) over N for Rob mea-
suring the parameter θ when Alice has sent him the state using the
dual rail for various values of r.
the matrix product of ρ ′ and the lowered ρ ′. The quantum
Fisher information includes θ in its calculation, however, the
final result does not depend on θ . The quantum Fisher infor-
mation does depend on both the squeezing parameter r, and
the number N of excitations Alice created in the state.
IV. RESULTS AND DISCUSSION
The quantum Fisher information as a function of N for the
single-rail encoding is shown in Fig. 2, and the dual-rail en-
coding is shown in Fig. 3. In both cases the channel is simi-
lar to an amplifying channel, in that the more excitations that
are present initially, the more excitations are created by the
channel. The excitations created by the channel are thermal,
and more initial excitations contributes to a higher amount of
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FIG. 4. The value of N resulting in a maximum quantum Fisher
information F (θ) for Rob measuring the parameter θ when Alice
has sent him the state using the single rail over r for both the single
rail and dual rail. The dual rail has a shorter line because the com-
putational resources required prohibited further calculation in either
direction.
noise. For a fixed acceleration we find an exponential decay in
the quantum Fisher information with respect to N. This results
in an optimal value of N for each particular noise level, which
is in turn determined by the acceleration a and the Unruh fre-
quency ω . Higher N states sent via the dual rail are more
susceptible to the noise than the single-rail equivalents, due
to the fact that both the logical zero and logical one contain
N excitations, whereas in the single rail, the “zero” state con-
tains no excitations. This results in a smaller expected number
of excitations for the single rail, and hence less noise.
Previous research has shown that the dual-rail channel tends
to perform better than the single-rail channel for quantum
communication between inertial Alice and accelerated Rob
[27, 28]. Here we find the opposite effect, that the single-
rail channel performs better. The reason for the difference is
that these studies are measuring a different quantity. The in-
formation in the states studied previously was contained in the
relative amplitude of the logical zero and one basis states. By
contrast, in this study, the information about θ is contained
entirely in the relative phase. The preference for single- or
dual-rail encoding therefore depends critically on the commu-
nication task.
The optimal value of N is shown as a function of r in Fig. 4
for the single- and dual-rail encodings. As r→ 0 the optimal
N diverges, since for the noiseless case (r = 0) F (θ) = N2,
which grows without bound. For noiseless parameter estima-
tion the NOON states are optimal [4], but in the presence
of noise other states will give a higher Fisher information
[29, 30]. We will explore these states in future work. For
a nonzero squeezing parameter r, resulting in nonzero ther-
mal noise, there is an exponential decay reducing the quan-
tum Fisher information for larger N. To match this physical
situation, we fitted this for each value of r with a model of the
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FIG. 5. The quantum Fisher informationF (θ) over r for Rob mea-
suring the parameter θ when Alice has sent him the state using the
single rail. The values of N for each line are 1, 2, 3, 5, 8, 13 and 21,
corresponding to increasing Fisher information for r = 0.
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FIG. 6. The quantum Fisher informationF (θ) over r for Rob mea-
suring the parameter θ when Alice has sent him the state using the
dual rail. The values of N for each line are 1, 2, 3, 5, 8, 13 and 21,
corresponding to increasing Fisher information for r = 0.
form
F (θ) = N2e−a(r)N+b(r). (12)
For large r, the coefficient a(r) tended towards a linear func-
tion of r. This function has a gradient of (41.6±0.3)×10−3,
when calculated using data for which 2.08 ≤ r ≤ 3.10. It
would be possible to use the linear dependence of the fitting
parameter a(r) to find the maximum value of N for large r.
However, the interesting behaviour happens near r = 1, be-
cause this is where the expected number of noise excitations
is approximately 1.
Finally, we show the quantum Fisher information is a func-
tion of increasing noise parameter r for various values of N in
Figs. 5 and 6 for the single and dual rails, respectively. Due
5to the large computational requirements of calculating these
graphs, some of the lines stop before the end of the graph.
The single rail performs better than the dual rail for all values
of r.
V. CONCLUSIONS
We studied the quantum Fisher information of single- and
dual-rail NOON states sent from an inertial observer, Alice,
to an accelerated observer, Rob. The extractable informa-
tion about the relative phase θ between the two terms in the
NOON state is degraded due to the noise from the Unruh-
Hawking effect. The noise is an amplification channel, in that
it depends on the number of excitations already present. This
N-dependent noise leads to an optimal N for maximum in-
formation transfer, given a particular amount of noise, fixed
by the squeezing parameter. The quantum Fisher information
degrades exponentially for increasing noise. The single-rail
encoding of the NOON states outperforms the dual-rail en-
coding, which is the opposite behaviour of earlier protocols
that encoded the parameter in the amplitude, rather than the
phase.
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